We derive the next-to-leading order correction to the Nambu-Jona-Lasinio model starting from quantum chromodynamics. So, we are able to fix the constants of the Nambu-Jona-Lasinio model from quantum chromodynamics and analyze the behavior of strong interactions at low energies. The technique is to expand in powers of currents the generating functional. We apply it to a simple Yukawa model with self-interaction showing how this has a NambuJona-Lasinio model and its higher order corrections as a low-energy limit. The same is shown to happen for quantum chromodynamics in the chiral limit with two quarks. We prove that a consistent thermodynamic behaviour is obtained as expected for the given parameters.
recovers a nlNJL model. This was already shown in [33] and does justice a posteriori to Yukawa's great insight.
So, in order to understand the technique, we consider the simplest Yukawa model: A scalar field interacting with a quark field. One has
Then, the generating functional is We have supposed to have exactly solved for the equation of motion of the scalar field obtaining the 1-and 2-point functions written as φ 0 (x) and ∆(x − x 1 ) [34, 35] . already devised in the '80 [36] . The 1-point function is given by
being sn the snoidal Jacobi function, µ and θ arbitrary integration constants. The 2-point function is
with
A mass spectrum is obtained given by
and K(−1) ≈ 1.3111028777 is an elliptic integral. We can see that the action for the quark field, after the introduction of the n-point functions, recovers a nlNJL model and its possible higher order corrections
where dots imply higher powers of the quark current. If we average on the phase of the background field φ 0 , that is arbitrary, and fix this constant to zero, we are left with
We note that, in the low-energy (local) limit
and the NJL constant G = C 0 g 2 /m 2 0 is fixed by the original Yukawa Lagrangian that describes the microscopic dynamics of the model.
Yang-Mills theory admits a set of exact solutions and all the correlation functions can be obtained [37] . Indeed, such solutions map on scalar field solutions [12] . This means that the following functional series holds in this case
Here G(x) is the ghost two-point function, Φ µa (x) is the Yang-Mills 1-point function and ∆ ab µν (x 1 − x 2 ) the Yang-Mills 2-point function. Using the substitution with quark currents
we get a nlNJL model from QCD at low-energies For the non-local limit the propagator yields
to be compared with [21] for instanton liquid at √ σ = 0.417 GeV and d −1 = 0.58 GeV
with ξ = |p|d 2 . The comparison is given in fig. 1 and we get a strikingly good agreement.
From the nlNJL model we take the local limit and two-flavor approximation that are enough for our aims. So, for ψ = (u, d) and averaging on the phase of Φ µa (x) as already done for the Yukawa model, we get
with G the usual NJL coupling given by eq. (13) and we have
This shows that the next-to-leading order correction to the NJL model is an eight quark interaction term in agreement with what recently postulated [28] [29] [30] [31] [32] . The question we want to answer is if such a term we derived from QCD is consistent with the expected thermodynamic behaviour of the theory. We are going to discuss this point below.
To get an understanding of this model we have to analyze the gap equation. We have to solve the selfconsistent set of equations [30] , in the chiral limit m u = m d = 0,
where J 0 (M 2 ) is the first of NJL integrals and is yielded, at zero temperature and chemical potential, by
A cut-off Λ is needed to regularize the theory. We get M e f f = 0.63 GeV for the quark effective mass with a cut-off Λ = 0.747 GeV, assuming G ≈ 9.37 GeV −2 (see [26] ) and 4 . At finite temperature and chemical potential one has for the gap equation
with (20) being E p = p 2 + M 2 . We can treat this integral numerically to obtain the phase diagram in this case. But we note a simple fact, already at this stage, in the chiral limit M → 0 the critical temperature is left untouched by the eight quark term. This can be understood by noticing that
leaving us with the usual gap equation to determine the critical temperature [27, 38] . We have shown how to derive a nlNJL model starting from a Yukawa theory. Recent studies permit to obtain the NJL model directly from QCD in the lowenergy limit with the same technique. We have found the next-to-leading order correction to the NJL model yielding and 8-quark interaction term as already postulated in literature. The critical temperature, in the chiral limit setting quark masses to zero, is unaffected by this correction. A consistent thermodynamic behaviour is also obtained as expected for the given parameters, particularly, we recover a consistent curve for the critical temperature as a function of the chemical potential. Further studies will be needed to understand the physical spectrum of the theory in the low-energy limit. In this respect, it is worthwhile to point out that a nonconfining theory, as NJL is, yields just bound states and no free quarks. Low-energy physical states cannot coincide with those in the ultraviolet limit.
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